Abstract. In this paper we present and analyze two new algorithms to construct a smooth diffeomorphism of a domain with prescribed jacobian function. The first one is free from any restriction on the boundary, while the second one produces a diffeomorphism that coincides with the identity map on the boundary of the domain. Both are based on the solution of an initial value problem for the linear heat equation, and the second also uses solutions of the Stokes system of Fluid Mechanics.
Introduction
Let Ω ⊂ R n be a bounded domain and f : Ω → R + a function satisfying inf Ω f > 0 and Ω f = |Ω| . The problem we are dealing with is to construct a smooth diffeomorphism Φ : Ω → Ω such that det (DΦ) (x) = f (x), x ∈ Ω.
(1)
This problem arose during the modelling of the construction of the geographical representations called area-cartograms (see, for example, Dorling [9] ). In this case f should be a piecewise constant function that represents some characteristic quantity, such as the number of inhabitants or the gross domestic product of each region. Nevertheless, the results of this paper will deal only with more regular functions. The prescribed jacobian equation (1) has also applications in several problems of Mathematical Physics, such as the problem of equilibrium of gases considered in Section A.2.3 of the book of Dacorogna [7] . It can also be used to generate random distributions of particles on a domain with a given probability density (see Russo [21] ).
For a given f and under reasonable hypotheses, it is quite clear that equation (1) will have at least one solution, but it is also clear that the solutions will not be at all unique. This has been one of the main motivations of our work: to obtain a unique Φ in terms of f , Ω and a boundary condition, should there be one, by means of a definite algorithm or a formula. This algorithm should be free from arbitrary choices, easy to construct, and produce maps Φ which are as smooth as possible. We trust that the two algorithms we present, based on the linear heat equation, will represent a nontrivial positive contribution in each one of these three directions.
A natural way of avoiding the non-uniqueness is to look among all the possible solutions for the one that minimizes a suitable cost functional. This gives rise to the Monge-Kantorovich mass transfer problem (see, for example, Brenier [3]) where equation (1) is considered without any additional boundary condition. However, using Brenier's construction, the regularity of Φ , and even its continuity, becomes unclear for nonconvex domains (see Caffarelli [5] ), even for some smooth data.
Another approach to solving equation (1), according to Moser [19] , which we will follow in this paper, can be interpreted as building the diffeomorphism Φ by solving a flow problem in the following way: consider a conservation law of the type
for 0 < t < T and subject to the initial and final conditions
This equation describes the time evolution of a density ρ(t, x) transported by a velocity field F (t, x) from the original density ρ(0, x) = f (x) to the homogeneous density ρ(T, x) = 1 . So, if we take x(t) as the solution of the initial value problem
then, at least formally, it follows that the map Φ(x 0 ) = x(T ) satisfies (1). In this situation, the domain Ω will remain invariant by Φ if we ask F (t, x) also to be parallel to ∂Ω and, if one wishes Φ keeps the points of the boundary of this domain fixed, it is necessary for F (t, x) to vanish for all x ∈ ∂Ω .
Moser's construction in [19] corresponds to taking ρ = t + (1 − t)f and F = ∇u/(t + (1 − t)f ) with T = 1 (in this case the conservation law (2) becomes the Poisson equation) when he proved the existence of a Φ ∈ C ∞ that solves (1) if f is a C ∞ function. Dacorogna and Moser [8] and Rivière and Ye [20] (see also the references therein) have given extensions of this result in order to obtain the existence at least of a solution of (1) with keeping the points of the boundary fixed and having as much regularity as possible for a given f belonging to Hölder or Sobolev spaces. Recently, Burago and Kleiner [4] and McMullen [17] have found an example of a continuous function f such that there is no Lipschitz function Φ that satisfies (1) in a weak form.
